Convergence rates of the ACM non-conforming scheme are evaluated. This scheme is usually employed for two-dimensional bi-harmonic boundary-value and eigenvalue problems arising from plate bending analysis. When the shape of the domain is rectangular and the exact solution is sufficiently smooth, Z, 2~e rror bounds of moments and deflection and error of eigenvalue are all at the order of square of the maximum mesh size. This result is also confirmed by numerical experiments.
Introduction
In the engineering literatures, non-conforming finite elements are frequently employed especially for plate bending problems (Zienkiewicz, [11] ). In this type of approximation, the trial functions do not belong to the energy space, and the finite element solution may or may not converge to the exact solution. The mathematical studies of this method have been conducted, for example, by Strang and Fix [10] , Babuska and Zlamal [1] , and Ciarlet [2] . However, the case study appears to be still insufficient since the convergence depends strongly upon the specific features of the individual schemes. This paper deals with an important non-conforming scheme in practice.
The ACM scheme is one of the most popular finite element scheme for plate bending (see Melosh [5] ). Although it is non-conforming, the accuracy of the solutions obtained by its use is known to be excellent. In fact, we can readily find the following statement in Zienkiewicz [11] : The linear distribution of moments tries, as it were, Communicated by S. Matsuura, January 20, 1975. * Institute of Space and Aeronautical Science, University of Tokyo, Tokyo.
to give the "best fit" to the exact moment distribution at all stage of the subdivisions.
As for its convergence for boundary-value problems, Miyoshi [7] performed an error analysis for clamped plates subdivided into regular meshes. His main result is that the orders of errors of the deflection and the moments (second-order derivatives of deflection) are square root of the maximum mesh size h. When the shape of the domain is exactly represented by this rectangular element and the exact solution is sufficiently smooth, the orders may be improved up to O(/?), as is seen from his analysis.
On the other hand, we can presume that the orders would be 0(h 2 ) in certain cases, if the Zienkiewicz observation is true. The aim of this paper is to derive some error bounds to the finite element approximation of both boundary-value and eigenvalue problems of simply supported rectangular plates, from which we can see that the above conjecture is true. To this end, the scheme is regarded as an improved one of Melosh's scheme [4] based on the partial approximation. Numerical experiments are also conducted for a few simple problems to see the validity of the theory.
e Preliminaries
Let JR 2 be the two-dimensional Euclidean space, a point of which is designated by x = (x l9 x 2 ), and QdR 2 is a rectangular domain defined by \Xi\<di/2 (1=1, 2). In the sequel, C, C*, C 1 etc. are generic positive constants independent of various parameters and may take different values when appear in different places. Let H n (Q) be the usual n-th order real Sobolev space with n being a non-negative integer. Proof. The uniqueness and the existence follow from the Riesz representation theorem. The smoothness of u may be established by constructing the solution explicitly by the Fourier double series, (cf. Theorem 1.10 of Mizohata [8] and Lemma 1 of Hall and Kennedy [3] .)|
The following is easy to check by the use of compactness theorems and the preceding theorem.
Theorem 2, The set of all eigenvalues for Eq. (6) is a countable set in ]0, oo[ without any accumulation points (except at infinity).
We can arrange the eigenvalues {^i}f=i in such a way that
The corresponding eigenf unctions {u t }f =i can be normalized as
Kronecker's delta), and satisfy
Finite Element Schemes
Let us decompose Q into rectangular elements {Q hi }&i by lines parallel to the coordinate axes (see Fig. 1 ). The side lengths of Q hi in Xji and x 2 directions are respectively denoted by h n and /i /2 , for which we assume
where C l and C 2 are pre-assigned positive constants. We also use the notations /7; = max{/? £1 , /?-2 } and h= max hi.
In the ACM scheme, the distribution of the approximate function u h is given by linear combination of x^xy with 0^a^3 and |a|^4 (excluding the case a 1 = a 2 = 2) in each element. Globally, it can be expressed by
where Pj is the j-th nodes of the mesh. Here, u h and its first derivatives are forced to be continuous at all nodes, and the shape function <^-satisfies 1 (<x = j8 and j = fc), The following is also well-defined: Thanks to sufficient smoothness of w, w ; , and J ftf i7 ft 's, we can apply the divergence theorem to this equation to show with the aid of the boundary conditions for u and u h . This completes the proof.
•
The following is an extension of a well-known result for non-conforming schemes (see page 174 of Strang and Fix [10] 
Lemma 8. Let u e H 4 (Q) n H^(Q). Then we have from lemma 3 and Eq. (30) that
(36) lll^-«III^C/i 2 |ii| 4ifl .
The following theorem gives error bounds of the finite element solution. It also implies that the Zienkiewicz observation (page 190, [11] ) is true. Proof. The first estimation follows from the lemmas in this section, while the others may be derived with the aid of lemma l.H
Error Estimates for Eigenvalue Problem
We will give error estimates to approximation of the first m eigenvalues and the eigenfunctions. Here the positive integer m is of course not greater than L h , the dimension of S h . Since S h is non-conforming, care should be taken especially in the evaluation of lower bounds of eigenvalues. The explanation of this section is focussed on this subject. In the other aspects, the method of error analysis employed here is essentially the same as done by Strang and Fix (sec. 6.3, [10] ), hence the related results will be presented without complete proofs. We assume that the exact and the approximate eigenfunctions are subjected to Eqs. (10) and (27) 
Numerical Experiments
Some numerical experiments are conducted to show the validity of the error analysis given in the preceding sections. In the sequel, Q is chosen a square defined by |^|<l/2 (i = l, 2). All the computations are performed by the double precision arithmetic on HITAC 5020 F computer, and the 5x5 product Gauss quadrature formula is employed for the integrations in each finite element.
Boundary-value Problem.
We first analyze a simply supported square plate under lateral loading f(x) = 4n 4 cos (nX}) cos (nx 2 ), for which the exact solution is
u(x) = cos (TTXJI) cos (nx 2 ) -
The square is divided into n x n uniform mesh, the results being obtained for several values of n. The Gauss elimination method is employed to solve the linear simultaneous equations. Table 1 shows the convergence character of e h = u h -u against h = l/n measured by the maximum norm, L 2 -norm and ||| ||| h . Clearly, all of these are asymptotically proportional to h 2 , as predicted by the theory. It is to be noted that the convergence rate of the deflection is not better than that of moments unlike in the compatible models. In other words, Nitsche's trick does not work in this problem.
Eigenvalue Problem.
As a second example, we treat the first approximate eigenvalue A ftl and the corresponding eigenfunction u hl . The exact ones are, as well known, h i =4n 4 and u(x) = c
In the calculation, the square is again decomposed into n x n mesh, and u hi is obtained under the normalizing conditions l|w*illo=l|willii=l/2 and (ii fcl , ii^O.
The approximate characteristic equations are solved by the subspace iteration method with two trial vectors. Tables 2 and 3 II^Ailln from this fact and the normalizing conditions. Then the observed orders may be easy to check.)
Concluding Remarks
The convergence of the ACM non-conforming scheme has been discussed. Almost all the results in this paper hold for plates with clamped edge conditions, so long as the exact solution is sufficiently smooth and the shape of domain is exactly represented by rectangular elements.
As well known, non-conforming method may or may not converge, and the penalty method proposed by Babuska and Zlamal [1] is an effective technique to assure the convergence. However, its use appears to be less necessary in the present finite element model. The difficulty of the convergence proof lies essentially in the evaluation of the second term in Eq. (33). Although the patch test may be conveniently used for this purpose in special type of finite elements (Strang and Fix [10] ), no general theory appears to be available at present. The techniques developed in this paper are not general enough, but may offer an effective tool to certain type of finite elements.
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